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The dynamics of binary colloidal mixture subjected to an external potential barrier is investigated
using molecular dynamics simulations. The depletion interactions between the potential barrier
and larger components of the mixture alters the dynamics of the system significantly. The larger
particles undergo sub-Arrhenius diffusion while smaller particles obey normal Arrhenius diffusion.
These results show that quantum phenomena such as tunneling is not required to have sub-Arrhenius
diffusion, in contrast to the general agreement in the literature. The depletion interactions between
the external potential barrier and larger component increases with decreasing temperature which
makes the effective activation energy for barrier crossing temperature dependent leading to sub-
Arrhenius diffusion.
I. Introduction
Understanding thermally activated escape over a bar-
rier is at the heart of many important phenomena such
as transport processes in living cells, polymeric solutions,
colloidal systems, conformational diffusion in proteins,
chemical reactions etc. to name a few. Since the seminal
work of Hendrik A. Kramers in 1940 [1], this problem
attracted lot of attention in different fields of science[2].
Kramers treated this problem as the escape of a Brow-
nian particle from a metastable state and obtained the
escape rate over a potential barrier subjected to Gaussian
white noise. Temperature dependence of this escape rate
or diffusion coefficient is given by Van’t Hoff - Arrhenius
- Kramers formula[3, 4],
D(T ) = D0e
(−Ea/kBT ) (1)
This equation was first proposed by Van’t Hoff and Ar-
rhenius and later derived by Kramers by solving the
Fokker-Plank equation for Brownian motion in phase
space in the presence of a nonlinear potential func-
tion. The Van’t Hoff-Arrhenius law is found to be ro-
bust in the description of diffusion coefficient or rate
constant in many processes such as particle diffusion
in solids and liquids[5, 6], diffusion in microporous
materials[7, 8], elementary chemical reactions[9, 10], en-
zymatic catalysis[11, 12], electrical conductivity in ionic
liquids and super ionic conductors[13, 14] etc. How-
ever, deviations from Van’t Hoff - Arrhenius equation
are observed in many systems especially at low temper-
atures. In general, these deviations are attributed to a
temperature-dependent activation energy in contrast to
the energy barrier independent of temperature in the Ar-
rhenius picture. These deviations are generally classified
into two: super-Arrhenius and sub-Arrhenius diffusion
depending the convex or concave nature of the log(D)
versus 1/T curves. They correspond to an increase or de-
crease in the activation energy as temperature decreases.
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Recently a simple formalism was proposed[15–19], in-
spired by Tsallis nonextensive statistical mechanics[20]
to describe the deviations from Arrhenius behaviour in
diffusivities or rate constants in terms of a single param-
eter. Exploiting Euler’s expansion for exponential func-
tion as the limit of a succession, this formalism proposes
a deformed-Arrhenius equation for the temperature de-
pendence of diffusion coefficient,
D(T ) = A
[
1− d E0
kBT
]1/d
(2)
This formula respresents both Arrhenius and non-
Arrhenius behaviour of diffusion. Here E0 is the height of
the potential barrier and d is known as the deformation
parameter, the sign of which will determine the nature
of deviations from Arrhenius behaviour. Then the acti-
vation energy for diffusion is defined as
Ea = −
dlnD
d(1/kBT )
= E0
(
1− E0d
kBT
)
−1
∼= E0 + d
E20
kBT
(for small d) (3)
For positive values of d, super-Arrhenius behaviour is
observed and sub-Arrhenius behaviour is observed for
negative values of d. For d = 0 equations (2) and
(3) tend to the form of Arrhenius equation. Super-
Arrhenius behaviour of diffusion is mainly found in sys-
tems where collective or cooperative dynamics is predom-
inant such as dynamics of supercooled liquids[21, 22], dif-
fusion through membranes[23, 24], macroscopic sliding of
bacteria[25] etc. Meanwhile, sub-Arrhenius behaviour is
mainly seen in chemical reactions[26–28] and quantum
tunneling was proposed to be responsible for such be-
haviour. In fact, Bell model for incorporate tunneling
in chemical kinetics was extended to correlate the de-
formation parameter d with the parameters of the en-
ergy barrier[29, 30]. Therefore in the literature, there
is a consensus that super-Arrhenius behaviour occurs in
classical systems, while sub-Arrhenius behaviour occurs
at processes where quantum tunneling plays a significant
role. To the best of our knowledge, there has been no
2investigations reported in the literature of a classical sys-
tem exhibiting sub-Arrhenius diffusion. However, sub-
Arrhenius behaviour has been observed in the sedimenta-
tion of weekly-aggregated colloidal gels[31]. In this arti-
cle, we report a purely classical system of binary colloidal
mixtures, subjected to an external potential energy bar-
rier, undergoing sub-Arrhenius diffusion. We show that
one of the components in the binary mixture undergoes
sub-Arrhenius diffusion, while the other component ex-
hibits normal Arrhenius diffusion. This contrasting be-
haviour of different components in the mixture can be at-
tributed to the attractive depletion interaction between
the potential energy barrier and the larger component in
the mixture.
II. Model and simulation details
We have carried out canonical ensemble molecular dy-
namics simulations of a binary mixture of colloidal par-
ticles, the two components of the mixture differ in their
sizes, subjected to an external potential barrier. The in-
teraction potentail, Vab(rij), between these particles is
soft-sphere repulsion, given by
Vab(rij) = ǫab
(σab
rij
)12
(4)
where rij is the distance between two particles i and j
and a, b = l, s, where l stand for the the larger particles
and s for the smaller particles. In our simulations, σss =
1.0, σll = 2.0, ǫss = 1.0 and ǫll = 4.0 all being expressed
in reduced units. The parameters for interaction between
the unlike species is determined by the Lorenz-Berthelot
mixing rules; i.e., σsl = (σss + σll)/2.0 and ǫsl =
√
ǫssǫll.
The system is subjected to an external potential which
is in the form of gaussian barrier at the center of the
simulation box along the z-axis[32, 33]
Vext(z) = ǫext e
−
(
z−z0
w
)
2
(5)
We chose the width of the external potential to be w
= 3.0 and the height of the barrier to be ǫext = 3.0.
Recent experimental advance make it possible to realise
such external potentials in colloidal systems[34]. As in
ref.[33], we use an equivolume mixture with a total vol-
ume fraction of φ = 0.20. We kept the masses of both the
species same since we are interested to see only the effect
of depletion interactions in the dynamics. The dynamics
of this system has been investigated using canonical en-
semble molecular dynamics simulations. The equations
of mation are solved simultaneously using a fifth order
Gear predictor-corrector method[35], applying periodic
boundary conditions along all the three directions. We
have repeated the simulations for three different simula-
tion boxlengths, i.e., L = 13.0, 15.0 and 17.0 to study the
finite size effects on the dynamics, keeping the total vol-
ume fraction to be 0.20. Because of the periodic bound-
ary conditions, different boxlengths essentially mean dif-
ferent periodicity for the external potential barrier. Each
simulation runs for a total of 5 × 106 timesteps with each
timestep being dt = 0.001 in reduced units, in which first
1 × 106 are not used in calculating the equilibirium and
dynamic properties. The simulations are repeated three
times for each set of parameters and the dynamical prop-
erties are averaged over.
This model system has been investigated before to
establish that the presence of smaller particles invoke
depletion interactions between the larger particles as
well as between the larger particles and the potential
barrier[32, 33]. It has been shown that this attractive de-
pletion interaction significantly alter the structural and
dynamical behaviour of the particles. At low enough
temperatures, the smaller particles get localised between
the potential barriers (multiple barriers occur because of
the periodic boundary conditions) and undergo a slow-
ing down of dynamics, while the larger particles diffuse
normally without acknowledging the presence of the re-
pulsive barrier[33]. It may also be noted that the sin-
gle component systems undergo a slowing down in their
dynamics in both the case of larger and smaller parti-
cles(see additional information). This striking dynamical
behaviour has been attributed to the changes in the ef-
fective potential barrier due to the depletion interaction
between the larger particles and the potential barrier.
We attempt to further understand the nature of deple-
tion interaction and its effect on the dynamics of the
system, especially at low temperatures where changes in
dynamical properties are significant.
III. Results and discussion
As we decrease the temperature of this system, the self-
diffusion coefficient of different species shows markedly
different behaviour. While the diffusion coefficient
(Dsz) of smallar particles along the z-direction decreases
rapidly as temperature decreases, the larger particles
diffusivity(Dlz) decrease rather very slowly (see figure
3(a) in the additional information). This slow change
in the self-diffusion coefficient of larger particles sug-
gests that the activation energy for their dynamics is
temperature-dependent and the diffusion can be non-
Arrhenius. In order to verify this, we calculated the ac-
tivation energy of diffusion for both the species of parti-
cles. We have also carried out two additional simulations
- one with larger particles only and another with smaller
particles only. From these simulations we calculated the
activation energy for each of the components in the ab-
sence of depletion interactions. This will enable us to
calculate the change in activation energy due to the de-
pletion interaction between the potential barrier and the
larger particles. The diffusion is found to be Arrhenius
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FIG. 1: Arrhenius plot for (a) small particles and (b) large
particles. Small particles follow Arrhenius law, while larger
particles follow sub-Arrhenius behaviour. The points are
from simulation data and the lines are fits to Arrhenius or
d-Arrhenius law. The data points for L = 15 and L = 17
shifted by 1 and 2 orders of magnitude.
for both single component systems. The activation en-
ergy for smaller particles is found to be 2.1066 and that
for larger particles is 1.8984 (See additional information).
Figure 1 shows the Arrhenius plot for both the species of
particles for different values of simulation boxlengths (dif-
ferent values of simulation boxlength means different pe-
riodicity for the external potential barrier). It is evident
from the figure that the smaller particles obey Arrhenius
behaviour for all boxlengths. The activation energy is
found to be around 2.4 for all the boxlengths, greater
than that found in the case of smaller particles alone.
This agrees with the suggestion made in ref.[33] that the
depletion interaction effectively increases the barrier for
smaller particles as they are driven away from the bar-
rier. The Arrhenius plot for larger particles is significant
that the plot is no longer linear and it deviates from
Arrhenius behavior. In fact we can see that they show a
sub-Arrhenius diffusion at all periodicities of the external
potential. As mentioned before, sub-Arrhenius behavior
is observed so far only in systems where quantum tunnel-
ing is observed and believed to be a quantum phenomena.
To the best of our knowledge, this is the first classical
system to be reported to have a sub-Arrhenius behavior.
Moreover, the two components in the binary mixture fol-
lows different temperature dependence in their diffusional
behaviour.
The Arrhenius plot of diffusion of larger particles is
found to obey the d-Arrhenius equation as revealed by
0 0.5 1 1.5 2
T
-0.5
0
0.5
1
1.5
2
E a
L=13
L=15
L=17
FIG. 2: Activation energy versus temperature for larger par-
ticles.
the nonlinear fits to the diffusivity data shown in Figure
1. The temperature dependent activation energy can be
calculated from the d-parameter using equation 3. This
has been plotted at Figure 2 for different boxlengths.
The activation energy is less than the activation energy
for diffusion when only large particles are present at all
temperatures. This is in agreement with the suggestion
that the attractive depletion interaction between the po-
tential barrier and larger particles effectively lowers the
barrier for the larger particles to cross. The reduction
in the activation energy is larger as the temperature is
lowered. This essentially means the depletion interaction
is temperature dependent and become more and more
prominent as temperature decreases. This also explains
why the diffusion coefficient remains same or changes
very slowly as temperature is lowered. The diffusivity
depends on two factors here; namely activation energy
and temperature or more precisely the ratio of activa-
tion energy to temperature. In case of smaller particles
the activation energy remains constant; so the ratio of
activation energy to temperature becomes larger as tem-
perature decreases. This reduces the diffusivity rapidly.
In case of larger particles, the activation energy decreases
as temperature lowers so that the ratio changes very little
at different temperature. This in turn ensures that the
diffusivity of larger particles remains more or less same
irrespective of the changes in temperature.
In order to gain further insight into the mechanism of
this interesting behaviour in the dynamics of the particles
in the binary mixture, we calculated the free energy of
interaction along the z-direction. This is obtained from
the density profile of each of the components along the
z-direction, using[36]
G(z) = −kBT ln ni(z) (6)
where ni(z) is the density profile for each of the species
along the z-direction normalised with respect to the bulk
density. Figure 3 shows the free energy of interaction
for smaller particles in two different systems; namely
only smaller particles with the external potential bar-
rier(dashed line) and the binary mixture with external
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FIG. 3: Free energy of interaction for the small particles
along the z - direction when the system has only small par-
ticles(dashed lines) and when both large and small particles
present (solid lines).
potential barrier (solid lines) at four different tempera-
tures. When only small particles are present, there is
no depletion interaction and barrier does not get modi-
fied. However, the binary mixture invokes depletion in-
teraction between the barrier and the larger particles. So
the density of larger particles near the barrier increases
and because of this crowding, the smaller particles will
move away further from the barrier. This increases the
effective free energy for smaller particles, which is ev-
ident in Figure 3. However, since the volume fraction
is small, this decline in the density of smaller particles
from the region of external potential barrier does not de-
pend on temperature and hence the free energy of inter-
action remains unchanged with respect to temperature.
So the effective potential barrier is temperature indepen-
dent and the diffusion process remain Arrhenius. How-
ever at higher volume fractions, the effective barrier be-
come temperature dependent and the diffusion becomes
super-Arrhenius[37]. Figure 4 shows the free energy pro-
file of larger particles for two different systems : (1) only
larger particles with external potential barrier and (2)
the binary mixture with external potential barrier at four
different temperatures. There are few points to be noted
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FIG. 4: Free energy of interaction for the larger particles
along the z - direction when the system has only large par-
ticles(dashed lines) and when both large and small particles
present (solid lines).
here. Firstly, for larger particles in the binary mixture,
there is a minimum for free energy of interaction at the
spatial position of the external potential barrier rather
than a maximum, which is observed in the case of single
component system or in the case of smaller particles in
the binary mixture. Here the free energy barrier parti-
cles have to face in their dynamics is the difference in free
energy between the minimum and bulk(free energy value
away from the external potential barrier). This barrier
height is much smaller compared to the barrier height
particles have to cross in single component system. Sec-
ondly, for the single component system the barrier height
does not change significantly with respect to temperature
while the barrier height decreases with decreasing tem-
perature in case of binary mixture. These observations
are consistent with the conclusions made based on the
activation energy calculations outlined above. The fact
that the free energy barrier is temperature dependent for
the binary mixture and that the barrier height decreases
with decreasing temperature provides an explanation for
the sub-Arrhenius diffusion observed in the case of larger
particles.
From the density profile, we can also calculate the
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FIG. 5: Mean force of interaction for the small particles
along the z - direction when the system has only small par-
ticles(dashed lines) and when both large and small particles
present (solid lines).
mean force as[36]
F (z) = kBT
d(ln ni(z))
dz
(7)
along the direction of the potential barrier. Here F (z) =
F+(z) − F−(z), where F+(z) is the mean force of inter-
action along positive z direction and F−(z) is the mean
force along negative z direction. These are plotted in
Figure 5 and 6 for smaller particles and larger particles
respectively. From figure 5 it is clear that the force on
smaller particles near the potential barrier is repulsive
(negative on the left side of the barrier and positive on
the right side) both in the single component system and
in the binary mixture. Also it is clear that the magnitude
of the force does not change significantly with respect to
temperature and hence the dynamics remains Arrhenius.
However, the effective force in the larger particles shows
a very contrasting behaviour. The force is mainly at-
tractive towards the barrier (positive on the left of the
barrier and negative on the right). And the magnitude
of the force changes as the temperature changes. This
confirms the sub-Arrhenius behaviour obeserved in the
diffusivity of larger particles. It should be noted that the
fluctuation in the mean force in the region of potential
barrier at low temperatures arises due to the splitting of
the peak in density profile at lower temperatures.
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FIG. 6: Mean force of interaction for the large particles
along the z - direction when the system has only large par-
ticles(dashed lines) and when both large and small particles
present (solid lines).
Waiting time distributions measure the delay times be-
tween successive hops of particles in a dynamics process.
We have also calculated the waiting time distributions
for both large and small particles from the molecular dy-
namics trajectories by calculating the delay time between
successive jumps of the particles over the barrier. A log-
log representation of these waiting time distributions for
both the particles has been plotted in Figure 7. As tem-
perature decreases, the waiting time distribution for both
type of particles flattens out. This is expected as parti-
cles will spend more time between two potential barriers
before crossing over and their dynamics become more and
more localized as the temperature decreases. However,
the decay of waiting time distribution of smaller parti-
cles is much slower compared to that of larger particles.
These distributions can be very well fitted to a sum of two
exponentials. This essentially tells us that there are two
time scales associated with the barrier crossing of par-
ticles. We have plotted the two relaxation times(τ1 and
τ2) for smaller particles and the two relaxation times(τ3
and τ4) for larger particles against temperature in the
inset of Figure 7(a) and 7(b) respectively. One of the
relaxation times(τ1 or τ3) in each case remains mostly
unaffected as temperature decreases; while the other (τ2
or τ4) increases as the temperature decreases. τ1 (or τ3)
corresponds to the recrossing occurs near the potential
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FIG. 7: Waiting time distribution for (a) small particles and
(b) large particles for L=17.0. The symbols are the data
from the simulations and the lines are exponential fits. For
both type of particles a sum of two exponentials fits the data
very well. The relaxation times for each type of particles are
plotted in the inset of figure 7(a) and 7(b).
barriers, which explains the weak dependence on tem-
perature. The larger relaxation time, τ2 (or τ4) can be
attributed to the long time diffusion due to barrier cross-
ing. As evident in the figure, τ2 increases rapidly with
decreasing temparture while τ4 increases more slowly as
temperature decreases. This indicates increasing local-
ization of smaller particles between the repulsive barriers
compared to that of larger particles and support the sub-
Arrhenius diffusion obeserved in the dynamics of larger
particles.
It will be interesting to note that the two components
of the binary mixture follow different dynamics alto-
gether. The dynamics of the larger particles is mainly
determined by the depletion interactions between the
larger particles and the potential barrier. This depletion
interaction is temperature dependent and changes the
effective barrier accordingly. Thus, we observe a sub-
Arrhenius diffusive behavior for larger particles. The
effective barrier of the smaller particles increases be-
cause larger particles get crowded in the region of exter-
nal potential barrier and smaller particles gets depleted
away from that region. This crowding of larger parti-
cles and hence the depletion of smaller particles from the
region of potential barrier does not depend on tempera-
ture, especially since the volume fraction of the particles
is small. So the effective potential barrier for smaller
particles remain unchanged with respect to temperature
and they follow Arrhenius diffusion. For such system
slowing down of dynamics has been reported earlier[38].
However, a temperature dependent activation energy can
be expected at higher density (or volume fraction) and
smaller particles may undergo a super-Arrhenius diffu-
sion. Work in this direction is in progress and will be
reported elsewhere[37]. It should also be mentioned that
the results are more general over a wide range of param-
eters than the set we used in these simulations[37].
IV. Conclusions
We have studied the dynamics of binary colloidal mix-
tures, different speciens in the mixtrue differ in their
sizes, subjected to an external Gaussian potential by us-
ing canonical molecular dynamics simulations. We have
shown that, contrary to the agreement in literature that
sub-Arrhenius diffusion is related to quantum phenom-
ena, a classical system can show a sub-Arrhenius temper-
ature dependence of diffusivity. An increase in the prob-
ability of crossing the barrier can lead to sub-Arrhenius
behaviour irrespective of the nature of the process in-
volved. In this sense, the depletion interactions in the
present investigation or quantum tunneling in the ear-
lier reported investigations have similar effects on the
barrier crossing. Eventhough the results we obtained
are for a binary mixture of colloids, we believe our find-
ings are applicable to many other systems which involve
barrier crossing. Many of the biological transport pro-
cess which involve more than one components, differ-
ing in their dimensions, shows faster diffusivity for big-
ger components[39, 40]. Similarly, anomalous changes
in diffusivity with respect to particle dimensions are re-
ported for particles diffusion in porous materials such as
zeolites[41, 42] and metal oxide frameworks[43, 44]. The
pathways of transport in these systems involve many bot-
tlenecks, which can be similar to the external potential
used in our investigations. Therefore, our results con-
tribute to the understanding of such processes.
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